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PERSPECTIVES

Jensen’s inequality predicts effects
of environmental variation

Jonathan J. Ruel
Matthew P. Ayres

Many biologists now recognize that environmentai variance can exert important
effects on pattems and processes in nature that are independant of average
conditiors, Jensen's Inequality is a mathematical proof that is seldom mentioned
in the ecoogical literature but which grovides a powertul tool for predicting
some direct effects of envitonmental variance In biological systems.
Qualitative predictions can be derived from the form of the relevant responsa
functions {accelerating versus deceterating). Knowledge of the frequency
distribution (especially the variance) of the driving variahies allows quantitative
astimates of the effects. lensen’s inequality has refevance i every fleld
of blology that ineludes nonlinear processes.
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Historica!ly, ecologists have emphé-
sized the Importance of average envi-
renmentai conditions. The concept of en-
firor.mentai variance is aimost completely
atsent from the 40 ioundalion papers
{publishec from 1887-1571) identified by
Real and Brown'. Through the 1960s, the
word 'variance’ appeared in the abstract
of only about ten papers per thousand
sublished by the Ecological Soctety of
america (Fig. 1). However, the numper of
such papers has increased since then to
ahout 50 per thousand during the 1990s.
This suggests agrowing recogaition among
rcologlsts that an explicit consideration
olvariange s essential to explain many of
the important patterns and processes in
naluie Jensen's inequality provides a tun-
damentat tool for understanding and pre
dicting consequences of varlance, butitis
only iust beginning to de explicitly acknowh
adged in the primary literature®, and we
can find no mention of Jensen's inequal-
ity in any biolegy ot biometry textbook.
Jensen's inequality is 2 mathematical
property of nonlinear functions, Cred-
ited ta the mathematician JL. Jensen
{1859-1825), it was first described at the
erd of the 19th century®’. The inequality
states tha: for 2 nonlinear function, f(x),
anc a set ¢f x values with a mean oi X
{and a variance greater than 2¢r0, the
average result of f(x), f(x}, does not
equal the result of the average x, f(X).
When f(x) is accelerating (2 dertvativeis
positive),/[x) is greater than f(¥). When
S0 is decelerating (2% derivative is
negative) /(x) 15 tess than /{X). The sign of
the difference between f(x) and f(X)
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depends only on the form of the function
(acoslerating versus decelerating:.
Jensen’s ipeguality has relevance to
any area of biology that includes nealin-
car funetions (Box 1) Here, we develop
exampies rom physiological ecology
(photosynthesis as a function of irradh-
ance and metabohc rate as a function of
temperature} and plant-herbivore inter-
actions, byt it seems that examples couid
be drawr just as easily from biochemistry,

ecosystem scienca or any Dbiological
discipine in between. &t any scale,
Jensen’s inequality implies that enviree-
menral varisnce can have impertant and
nredictable botogical consequences that
canrot be inferred irom average erviron-
mental ~ongitions. For any nonlinear re-
sponse function, environmental variance
will consistently elevat? or depress the
resnonse depending on the lorm of the
function, Therefore, wheneva: biotogical
systems involve nonlinear responses. te
descripticn and interpretation of envi-
ronmental cata should inctude an explictt
consideration of the vanance.

Variance in light regimes depresses
primary production

Although photosyntnetic organisms
are taxonomically diverse, the biochem-
istry of photosyrthesis is relatively highly
congerved. Carbon assimilation as a func-
tion of irradiance is aimost always a de-
releraiing saturation lunction (e.g. Fig. 2a.
7.5, Capny ef gl unpublished). Further-
more, the light regime of every habitar is
inherently variable because cf seasonal
eycles. diurnal cycles and shading frotn
clouds and other organisms. Jensen's
inequality predicis that. because ine
sssimilasion function is decelerating, this
variance at temporal and spatial scales
should depress net primary production
rompared with the expectation based
upon average irradiance.

The understory light envirorment
of closed canopy forests is particularty
variable with long periods of lpw-level
diffuse light punctuated by short periads
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‘. Box 1. Jensen's inequality
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of high irradiance as the sun passés over
gaps in the canopy (sun flecks), Consider
hobblebush (Vibumum alndolium), a
dominant understory shrub of boreal
forests in northeastern North America. lf
the average light level for the day is used
to estimate net daily assimilation, then
asaimilation is overestimated by >100%
(Fig. 2.D.5. Canny et al., unpublished;. We
reter 'o this consequence of Jensen's
inequality as aggregation blas: system-
atic errors in the estimate of a biplogical
response (difference between f(x) and
/(%)) that arise from averaging values of
the independent variable over a scale
‘hat 13 coarser than that experienced by
the blological system (in this case, a leaf).
Plant leaves respond rapidly to changes
inirradiance, o the daily carbon budgets
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are estimated muost accurately if irraci
ance is measured and recorded at time
intervals of seconds to minutes. In the
light environment described in Fig. 2
(3. Canny et al., unpublished), thare was
enough temporal autoccrrelation of irra-
diance such that aggregating msasure-
ments for up to 10-15 minutes producec
less than a 10% error in estimated daily
carbon budgets, but aggregating across
60 minutes or more produced >20%
error. Aggregation ias can also be intro-
duced by averaging across space.

For V. alnifolium, averaging the meas-
urements of three light sensors spaced
ten meters apart resulted in overesti
mation of daily carbon budgets by 14%.
This illustrates the nead for careful deci-
sions about how to measure, (nterpret

and report environmental varfables such
as irradiance. Solar input is frequentiy re-
ported as a daliy or monthly average.
However, it is impossible to develop
unbiased estimetes of daily photosvnthe-
sls from average daily or monthly irradi-
ance without making assumptions about
the trequency distribution of short.term
irradiance. The scale at which aggregation
bias becomes severe will be a functlon of
the spatial and temporal autocorrelation
of the environmental variable, as well as
the strengtt of nonlinearities in the
response functions.

In addition to these practical consid-
erations, Jensen's inequality has some
interasting theoretical consequences for
the phystologlcal ezology of photosynthe-
sis. For example, two environments with

TREE vol. 14. no. 9 Septembes 1599



the same average daily irradiance, out
dilferent frequency disiributions of short-
term irradiance, could yield markedly dif-
farent carbon budgats inr pnysologically
identical plants. Similarly, the oplimiz-
ation of carbon agquisitian strategies {ag.
by adjustment of the light response fune-
tions and changes in inducton stae)?
could be as strongly infiuenced by the
variabilizy in irradignce as by rneaverage
irradiance. Evaluating carbon acquisition
strategies and the ecoplogical conse
quences of changes in iight regime requires
a careful separation cf effects caused by
leal physiology versus the mathematica
effects of Jensen's insquallty.

Variance in temperature affects
animal metabolism

The metabolic rates of poikilotherms
tend to increase exporenually as a functior
of temparature, The acceterating form of
these functions implies that variance in
temperature wili elevate poikilotherm
metabalic rates. Temperature regimes, like
irvadiance regimes, are inherently vare
able but differ in that temperatures tend to
approximate a norma; distribution®. s an
environment where the standard dev-
ation i operative temperatures (i.e. body
temperatura) is 3-8°C, metabolic rales
would be 3-50% greater than in a con-
stant thermal regime with the same aver-
age temperature (Fig. 3). The combin-
atlon ot a high Q,, (1.e. the factor by which
metabolic rate increases over 10°C) and
nigh thermal variation might be selected
against because of these rather dramati¢
increzses in maintenance energy requires
ments. There are predictable patterns in
the variaoility of environmental tempera-
tres. Aric environsents and high-aititude
envitgnments tend to have very high ciur
nal varizace in zit temperatures, Arborgal
habizats are more variable than soil habi-
tats, and terrestrial habltats are more
variable than aquatic habitats, We pre-
dict that poikilotherms adapted to more
vartable environments will be more likely
ta employ behavioral thermoregulation
(such as microhabitat choice) to minimize
variance in their operative body temper-
utures and will tend 10 bave a lower Qi
than related species from low-variance
environinents. Seasonal changes in behave
ior and temperatute physiclogy may rep-
resent adaptations to mipimize the in-
creases in maintenance metabolism that
are introduced by seasonal variability In
environmental temperature,

The metabolic rate of hemeotherms
as a function of environmenta tempera-
ture has a fundamentally different form
from that ol poikilotherms, Metaboiic
rates of homeotherms tend o increase
noth above and below a thermoneutral
zone The slope increases with increasing
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temperature around both ends of the
thermoneutral Zone (slope goes from
negative to zero at the lower critical tem-
perature and from zero to positive at the
ugper critical ternperature), so whan
temperature variation spans either the

upper or lower critical temperature
average metabolic rate will be greater
than in a constant thermal regime with
the same average temperature, There
fore, temperature variabllity tends to
have the same qualitative effect on
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assume A normal distrvuncn of temperatures. i

metabolism maintenance in homeather s
as in poiidlotherms.

Poikilotherm developmest rate is aiso
a noniinear function of temperature The
generalized temperature response func-
tion is accelerating at low (emperatures.
approximately linear at intermediate tem-
peratures and decelerating at high tem-
peratures'®, Consequently, the effects of
temperature variation as a resulit ot
Jensen's ‘nequality wiil rend tc be positive
at low temperatures, minimal at interme
diate temperatures and negative at high
remperatures. These elffects are a recog-
nized saurce of error in degreeday mod-
sls of 1nsect cevelopmens: and plant phe
nology, and have been referred to as the
Kautmang effect)l. We hypathesize that
differences among ecvironments in teor-
perature variability wili seiect for changes
in the acceleration rete, inflection point
and decelerarion rate of poikilotherm
Gevelopmental responses (o temperature,
These evolutionary responses would have
the effect of altering subsequent pheno-
typic responsas to changes in lempera
ture variability. If so, the same change In
temperature varlance could have different
ecological effzcts on, [or example, aquatic
insects versus terrestrial insects,

Herbivores encounter variable hosts

Intraspecific variance in host tigsue
quality is commeon®-16. The causes of vari-
ance in foliage quality include microstte
and genetic differences between plants,
piant ontogeny, leal ontogeny, inducible
responses and somatic mutation!d 14115,
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Insect responses to this variance include
selective feeding, modified consumption
rates and the gvolution of locally acapted
cemnes-i

Although variance in host quality can
affect herbivores in many ways, we will dis-
cuss only now variance in the ingested
tissue alfacts herbivore performance via
Jensen's ‘nequality. The variance scrually
experienced by 4 herbivore is a function
ol the scale at which variability occurs.
the mobility of the herbivore and the dis-
crimination capacity of the herbivore. Host
tissué quality can varv among plant popu-
lations, plants within a population, Jeaves
within a plznt and even areas within asingle
Jeafft 24 Variability beyond the scale of
foraging by an individual will tend to exert
4s effects at the population level (e.g. if
fecundity s a function of leal chemistry is
norlinear. then mean population fecun-
¢ity will differ [rom that recicted from the
mean leaf chemistry). Vartability at & {iner
scale can exert effests at the jevel of the
individual (e.g. If development time &3 &
function of leaf chemistry is nonfinear, then
development time for an individual can
difter trom that predictad by the average
chemistry ot ingested leaves). Behaviorai
responses that allow herbivores to exploit
resources with higher average lissue
quality!é22 will tend to reduce the vari-
ance experienced by the herbivores, Such
behaviors reduce the impact of Jensen's
inequality, but do not eliminate it unless
the realized varlability is reduced to zero.
it is also possibie that other behaviors
actually increase the variance experienced
by the herbivore and hence increase the
importance of Jensen’s inequality.

Insect herbivores are affected by
host variance in sitrogen

Insect growth performance as a func-
tion of dietary nitrogen concentratior,
[N]. is often noalinear2 %, This implies
that varlance 1n host [N} has direct con-
sequences for insect herblvores. The
responses are decelerating saturation
functions for the southern armyworm
(Spodoptera eridania) and gypsy moth
{Lymantria dispan23. in these cases. vali-
ance in [N] shouid depress performance
and this has been experimentally demon-
strated for gypsy moths?. In the western
spruce budworm (Choristoneura cecidens
talis), the response functions for survival
and fermale pupal mass are comples,
accelerating at low [N] and decelerating
at high [N{%. Therefore, the elfect of hast
variance on budwerm performance would
tend to be positive at low average [N} and
negative at high average [N]. Insect growth
performance can also belinear?, in which
case there are no direct effects of vari-
ance in dietary nitrogen. Variance in [N]
can exert direct effects on herbivores,

but the magnituce and direction of the
effects will differ among taxa because
taxa differ in the shape of their response
functions.

msect herbivores are affected
by host variance in secondary
metabolites

Herbivore periormance as alurctios ot
secondary metabolite concentrations ais>
includes a range of functions from linear ta
complex (naving both accelerating and
deceletating regions)#®=. For exampiz,
growth rate and survival of tne leaf beetle
Chrysomela falsg) decreased inearty with
condensed tannins from birch (Betula
resinifera)?®. Oviposition succass of the
southern pine beetie (Dendroctonus fron-
raiis) was a negative expenentiai {acceler-
ating) function of tree esin flow=3. Survival
of the cabbage looper (Trichopiusta nr)
was a decreasing decelerating functici of
diester concentration®. Larval mass o' the
tobacco budworm (Heliothis vrescens’
declined with in¢reaslng concentrauons
of two different diterpene acids but the
functions were decelerating at low levais
and accelerating at higher leveis®,

The fact that many of these respons2
functions are nonlinear suggests that
variance 1n host secondary metabolite
conceatrations has direct conseguences
for herbivores. [ the studies we exam-
ined, the performance response of herbi-
voras to secondary metabolite concen-
rrations tended to be accelerating functlons
rather than decelerating functions {ten
cases of acceleratnig functions versus threa
cecelerating functions, two complex tunc-
tions and eight Lnear funciions). Ths
suggests that many herbivores will denehit
{rom variance in secondary metabolie
concentrations hecause of Jensens in-
equality. In some systems, Jensen's in-
equality could result in selection for plants
to decrease variance (perhaps by distrib-
uting resources evenly) Karban ef ¢/}
suggested that induced defenses io plants
are a means of elevating variance in host
tissue that are selectively tavored because
of Jensen's inequality. It s0. tnduced de-
tenisas should be most common in systems
where herbivore performance is a daceler-
ating function of metadolits concentration.

The form of insec! respense functions
is relevant to plant breeding and pest man-
agernent. In the case of cotton (Gossypium
hirsutum), herbivore pertormance tends
to decline with allelochemical concer-
trations™®, so deploying strains of cotton
with a high average concentration of afle-
lochemicals could reduce damage by in-
sects. However, because herdivore per-
formance tends to decline as a negative
exponential function (an accelerating
function) and plant tissue concentratioris
tend to oe variable, the reduction in
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nerbivory would be less than expected
based on mean concentrations of allele-
chemicals.

The shape of herbivore pertormance
functions could change with evolutonary
time. Because of physiciogical and bio-

chemical constraints, we expect ‘that-

changes in tne slope of performance fuac-
tions and shilts in the function peaks will
be mrore common than changes from decel-
erating to accelerating or vice versa. I
evolutionary and behavioral responses
19 host variance do not commonty change
the sign of the 2nd derivative of a perfor-
mance function (i.e. accelerating versus
decelerating), they cangot influence the
direction of the effect of host variance on
a herbivore.

yariable phytochemistry and the lre-
quency ot nonltnear responses by herbie
vores t3 phytochemistry suggest a strong
role for Jensen's inequality in plart-
herbivors interactions. Simple simulations
can caleulate the effects of Jensen’s
inequality: these only require estimates
of the response function and of the fre-
quency custribution of the driving vari-
abls. in general, the magnitude of Jensen’s
inequality will increase with jngreasing
nonhineanity (absolute value of the 2nd
derjvative) and mecreasing variance io
the criving varlabie, but many respcnse
funcsions will be more complex than a
simple axponentiai model and many epvi-
ronmental variables have non-normal
distributions, {2 these cases, there is prod-
ably no substitute lor simulations devel-
oped around empirical frequency distrit
utions. The nat effect of host variance
aspends on the combination of the
response functions for all relevant cem-
pounds and, for a given herbivore. the
shapes of these lunctions mighs differ for
diferent host compounds. Simulatlens
can be developed around response sur-
face models¥#* whenever herbivore per-
formance is influenced by Interactions
among tost traits (eg. when there are
interacting efiects of dietary nitrogen and
secondary metabolites™).

Conclusions and prospects

Jjensen's inequality. deserves consid-
eration in many fmore areas ot ecological
research than we have discussed here.
For example, photosynthesis is a deceler-
aling function of temperature and many
plants respond to increased atmospheric
carbon diaxide concentration (CO,! with
increased maximum assimilation. a shift
in the optimal temperature and a narrow-
ing of the peak in the temperature re-
sponse™, One consequence suggested DY
Jensen's inequality is that natural vari-
ance in temperatura will cause a greater
depression in assimilation under incraased
{CO,} than at ambient {CO,} because of
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the narrowing of the peak. Estimated
effects based soleiv on MaxiMum assimi-
(ation oOr assimiation at a given tem-
perature will overestimate the effect of
increased {CO,).

in any system o which nonlinear
processes are COMmMon. Jensen's inéqual-
ity describes and predicts direct impli
cations o enwronmental variance. A
dominant theme in ecasvstem science i3
Ihe devalopment of models that can be
driven by readily obtained data, such as
monthly average temperatures, but ¢an
still capture che behavior of dynamic bio-
logica! systems thal ars sometimes i
trinsically nonlineary”. With estimates of
the response functions anc the variance
experlenced, Jensen's inequality can be
used to estimate the errar involved
in averaging at different scales and aid
in choosing the appropriate scale for cak
culation steps in the modetl,

Rarause resources are often distis-
uted unevenly (spatiai variance), Jersen’s
inequality has beer implcated in ex-
planations of saltalory search and
risk-sensitive foraging®. In population
ecology. tunctional responses, numerical
responses and intraspecific interference
tend to be noniinear and population den-
sities are often aggregated and highly
variable®®, Results of stochastic popu-
jatlon models will systematically diiter
from results of equivalent deterministic
models whenever the models Include
nonlinearities®  Community ecoiogy
includes extensive consideration of non-
linearities in species interactions and
evoluticnary ecology invetves the study
of nonlinear litness surfaces.

In conclusion, Jensen's inequality has
nroad relevance for understanding the
effects of environmental variance on eco-
logical and evoluticnary processes, it de-
gerves consideration whenever a study
system includes nonlinear processes.
The inequality is not 2 biolegical
phenomenon per se but instead a mathe-
matical consaquence of the nonlinear
form of many biological tunctions and
the variancs inherent in many enviroq-
mental tactors. Progress in cur under-
standing of the role of environmental
variance in ecology and evolution will be
accelerated if Jepsen's inequality de-
comes as famiiar lo ecologists as the
central limit theorem.
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